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STABLE SYSTOLIC CATEGORY OF MANIFOLDS AND 

THE CUP-LENGTH 

ALEXANDER N. DRANISHNIKOVi AND YULI B. RUDYAK 

Abstract. It follows from a theorem of Gromov that the stable 
systolic category catstsys M of a closed manifold M is bounded 
from below by c1q(M), the rational cup-length of M [Ka07| . In 
the paper we study the inequality in the opposite direction. In 
particular, combining our results with Gromov's theorem, we prove 
the equality catstsys {M) = cIq M for simply connected manifolds 
of dimension < 7. 
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1. Introduction 

All manifolds are assumed to be smooth. The stable systolic category 
catstsys M of a closed manifold M is a natural number that measures 
a complexity of M in the language of differential geometry though 
it does not depend on a Riemannian metric on M. This invariant 
(as well as some generalizations) was introduced by Katz and Rudyak 
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|KR06j , [Ka07] on the basis of the following theorem of Gromov [GrSSj 
[KiOTj : 

1.1. Theorem (Gromov). Suppose that for a closed n- dimensional 
manifold M" the cup product ai U ■ ■ ■ U is non-trivial for some 
tti G H'^'[M"']Q) with ki + ■ ■ ■ + kd = n. Then there is a constant 
C > such that 

(1.1) stsysfc^ M""... stsysfc^ M"" < Cvol(M'^) 
for every Reimannian metric on . 

The invariant catgtsys M is defined as the maximal d such that equal- 
ity (11.11) holds. Thus, one can say that catstsys M > cIq M where 
cIq M the rational cup-length of M. This paper can be considered 
as an attempt to check whether catstsys ^ coincides with the rational 
cup-length. Though we obtained some coincidence results in low di- 
mensions, we failed to do it in the general case. Moreover, we have got 
convinced that these two invariants are different. We believe that it 
would be an interesting project to construct a manifold distinguishing 
catstsys and cIq. In the cases where the coincidence catstsys ^ = cIq M 
is proven (Theorem 14.11 and Theorem 14. 7p one can ask about possi- 
ble inversion of Gromov's Theorem. It turns out that this is also a 
challenging problem which is done only in some partial cases, see Re- 
mark S^Dl 

Here are the formal definitions. Suppose that we are given a mani- 
fold M"' with a Riemannian metric Q. Let A'^ be the standard /c-simplex 
in M^"*"^. Consider a singular smooth fc-simplex a : — > M, 1 < k < 
n. Here we say that a is smooth if it extends to an open neighborhood 
of A'^ in M'^"^^. In particular, a is a Lipschitz map. Note that the pull- 
back (j*Q is positive semi definite. Thus, we can speak on the volume 
of A'^ with respect to a*Q, and we set 

volfcd = vol(A^(T*^). 

We define a smooth singular chain to be a formal linear combina- 
tion of smooth singular simplices. Given a real or integral singular 
smooth A;-cycle c = rjCij, we define the volume of c as 

(1.2) volfc(c) := ^ \ri\ volfc(cri). 

i 

For an integral homology class a, we define the volume vo1(q;) by setting 



(1.3) vol(a) = inf {volfc(c) | c G Cfc(M), [c] = a} 
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i.e. the infimum of volumes of integral smooth cycles representing a. 
Now we can define the homology systole by setting 

syshfc(M, g) = inf {vol(«) | a G Hk{M) \ {0}} . 

It was originally pointed out by Gromov (see |Be93] ) that this defini- 
tion has a shortcoming. Namely, for x one observes a "systolic 
freedom" phenomenon, in that the inequality 

(1.4) syshi syshg < Cyo\{S^ x S^) 

is violated for any C G M, by a suitable metric ^ on S*^ x |Gr96t 
IGr99j . This phenomenon can be overcome by a process of stabilization 
as follows. Given a real homology class (3 G Hk{M] R), define the stable 
norm of (3 as 

(1.5) P||=inf{volfc(c) I [c]=/3} 

where c = ^rjCij, G M is a real singular cycle representing f3. It is 
known that 1 1 ■ 1 1 is indeed a norm on Hk{M; M), |Fed74t[Gr99j . Further- 
more, if a G Hk{M) is an integral homology class and G Hk{M; M) 
is the image of a under the coefficient homomorphism defined by the 
inclusion Z ^ M, then 

,, ,, vol(fca) 
llttMll = hm ; , 

where "vol" in the numerator is as in (11. 3p . Now we define the stable k- 
systole by setting 

(1.6) stsySfc(M,6;) = inf{||/?|| | /? G i/,(M; Z)m \ {0}} 

where Hk{M;1j)^ denote the image of the coefficient homomorphism 
Hk{M-Z)^Hk{M-R). 

The definition below is a stable version of systolic category defined 
in |KR06j . 

1.2. Definition. Let M be a closed n-dimensional manifold, and let d > 
1 be an integer. Consider a partition 

(1.7) n = ki + . . . + kd, ki < k2 < ■ ■ ■ < kd 

where k^ > 1 for alH = 1, . . . ,d. We say that the partition (or the d- 
tuple {ki, . . . , kd)) is stable categorical for M if the inequality 

stsysfc^(^) stsysfc2(^) . . . stsySfe^(^) < C{M) vol„(^) 

is satisfied by all metrics Q on M, where the constant C{M) depends 
only on the topological type of M, but not on Q. 

The size of a partition n = ki + .. . + kd is defined to be the integer d. 
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The stable systolic category of M, denoted catstsys(^), is the largest 
size of a categorical partition for M. 

In particular, we have catstsys M < dim M. 

In the paper we use homotopy theory in order to make upper esti- 
mates of catstsys M by means of the cup-length. For simply-connected 
manifolds of dimension < 7 we prove the equahty catstsys M = cIq M. 
In the non-simply connected case we show that catstsys M < c\M for 
closed manifolds of dimension < 5 where clM denote the twisted cup- 
length of M. The later result gives one more evidence for M. Katz' con- 
jecture connecting the systolic category and the Lusternik-Schnirelmann 
category of manifolds by the inequality catsys M < catLs M |KR06t 
[KaOTl IDKR08-11 IDKR08-2j . We recall that catLs M is the minimal n 
such that M admits a cover by n + 1 open sets that are contractible in 
M. 

The paper is organized as follows. In Section [2] we prove some auxil- 
iary results from homotopy theory, in Section [3] we prove some prelim- 
inary results on relations between the systolic category and the cup- 
length, and in Section H] we prove main results. 

2. Deformations of maps of complexes into skeleta 

2.1. Definition. Let / : — * be a map of a closed orientable 
manifold M to an ra-dimensional CW space K, and let e be an open n- 
cell of K. 

Consider the map h = h{f, e) : M K K/{K \ e) = S"". 
We assume that M and e are oriented. We put degg / = deg h and 
call degg / the degree of f at e. 

Clearly, if f, f : M K are homotopic then degg / = degg /'. 

2.2. Definition. We say that a map f : X ^ Y of path connected 
spaces is n-surjective if : vri(X) — 7ri(F) is an epimorphism. 

2.3. Lemma. Let f : M" — > K"^ be a map of a closed orientable mani- 
fold M to an n-dimensional CW space K with n > 2. Let ci, . . . , be 
open n-cells in K . If f is n-surjective and degg^, / = for j = 1, . . . , g, 
then f is homotopic to a map g : M ^ K such that g{M) fl Cj = for 

Proof. This is an application of the Hopf trick, cf. |Eps66 Theorem 



4.1]. We perform induction on q and construct a map fj-.M^K 
such that / = fj and fj{M) n e„ = for m<j. 

First, set j = I and denote ei by e. Consider an open subset O of e 
such that O C e. Without loss of generality, we can assume that f\f-^o '■ 
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f^^O — s> O is smooth. Take a regular point y & O with the preimage 
f^^iy) = {^ly ■ ■ ■ X2k}- Let V and Ui, . . . ,U2k be neighborhoods of 
y and Xi, . . . ,X2k, respectively, that are homeomorphic to the closed 
n-ball and such that f\u. : Ui is a homeomorphism. Without 

loss of generality we may assume that for the local degrees deg^.. / = 
— degj,^^. / for all i < k. The 7r-surjectivity of / ensures that there is a 
smooth path from dUi to dUk+i without self-crossings and such that 
fcf) is a nuU-homotopic loop in \ {y}. (Here we use the condition 
n > 2.) We may assume that has nowhere zero derivative and Im0 
does not intersect Int f/i, Int U^+i and Um for m 7^ 1, + 1. Then we 
attach to the balls Ui and t/i+fe a tube T, a closed regular neighborhood 
of lm(0), to obtain a closed n-ball D with f{dD) C M \ Int and 
D n Um = for m 7^ 1, /c + 1. In view of the degree condition deg^^ / + 
^^Sxk+i / = the fact that fcp is nuU-homotopic in i^' \ {y} we 
conclude that the map f\dDi '■ dDi ^ K \ liatV is null-homotopic. So, 
/ is homotopic to a map h with h{D) C fC\Int V and h = f on M\D. 
Now, h~^{y) = {x2, . . . ,Xk, Xk+2, ■ ■ ■ , X2k}, and an obvious induction 
completes the proof for j = 1. 

Now suppose that we constructed a map with some j < q, and 
construct fj. For each m < j choose a point G e^- Now for the 
cell Cj we do the same procedure as above, by taking regular value 
yj G Cj, its inverse images Xj^i,i = l,...,2kj, etc. and, eventually, a 
disk Dj. However, here we choose path (pj so that the tubes fj{Tj) 
do not contain a^'s. Now we argue as in case j = I and get a map 
h: M ^ K with h{M) n = and ^ h{M). Because of the last 
condition, we can deform /i to a map fj-.M—^K with fj{M) flCm = 
for m < j. Now put g = fg. 

□ 

2.4. Lemma. Let f : M" —yK,n>2 be a 7c-surjective map of a closed 
orientable manifold M to an arbitrary CW space. If : Hn{M) —>■ 
Hn{K) is the zero homomorphism then f can be deformed into the 
{n — l)-skeleton of K. 

Proof. The claim follows from Lemma 12.31 because in this case degg / = 
for all n-cells e. □ 

Given a commutative ring R, we recall that the i?-cup- length dn^a) 
of an element a G H*{X;R) is the length of the longest presentation 
of a as the product of elements of positive dimensions. In particular, 
we can speak on the rational cup- length clQ(a). 
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2.5. Corollary. Let f : M" ^ K,n > 2 be a n-surjective map of a 
closed orientable manifold M to a CW space K with torsion free n- 
dimensional homology. Assume that cIq M < k, while the Q-vector 
space H'^{K;Q) is generated by elements of rational cup-length > k. 
Then f can be deformed into K"'~^ . 

Proof. Since H"'[M; Q) does not have elements of cup-length > k, we 
conclude that /* : H'^{K; Q) — > H"'{M; Q) is the zero map. Hence, by 
the Universal Coefficient Theorem, : if„(M;Q) Hn{K]Q) is the 
zero map. Thus, f^, : Hn{M) Hn{K) is the zero map since Hn{K) is 
torsion free. □ 



Recall that the twisted cup-length c\X of a space X is the maximal k 
such there exists a non-trivial product 

Ml U ■ ■ ■ U Mfc G H*{X; Ai O ■ • • (g) Afc) 

where each Ak is a Z7ri(X)-module, Ui G H*{X; Ai) and dimwj > 0. 

2.6. Proposition. Let f : T^"^^ be a map of an r-dimensional 

CW space to the r -skeleton of the q-torus T = T'^, q > r > 2. Suppose 
that clK < r. Then there exists a map g : K'' T(^-^) such that 

5'|^(r-2) = /|^(r-2) . 

Proof. Let k G H^{T; {TTr-i{F)}) be the ffist obstruction for retrac- 
tion of T onto T^'^~^\ i.e. the first obstruction to a section of the 
fibration T*^^"^^ — > T with the homotopy fiber F. It suffices to show 
that = 0. Put tt = Z'' and let G H^{it; /(vr)) be the Berstein 

class of TT, [Ber76t IDR07j : here /(vr) is the augmentation ideal of vr. In 
view of universality of the Berstein class b-j^, we see that k is the im- 
age of (&7r)'^ G H^{tt; I{it)'^^) under the cohomology coefficients homo- 
morphism defined by some homomorphism /(vr)®'" 7Tr-i{F), |DR07t 
Corollary 3.5], |Sva66l Proposition 34]. Then is the image of f*{b.„Y 
under the same coefficients homomorphism. Because of the cup-length 
restriction, we conclude f*{bnY = 0. □ 



3. Some preliminary results 

3.1. Definition. Given an m-tuple k = (/ci, . . . , km), ki < . . . < km, 

consider the map : {!,... ,m} — * N, = ki. We define the range 
of the m-tuple k as the ordered image ri <■■■< ri of (p. 

This definition allows us to avoid working with repeated fcj. 

We need the following result on incompressibility, cf. [Ba93[ IKROGj 
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3.2. Lemma. Let M" be a closed smooth manifold, let ki + ■ ■ ■ + km 
be a stable categorical partition of n, and let ri < ■ ■ ■ < ri be its range. 
Suppose that HrXM;Q) ^ for all i. Let f : M ^ L be a map to 
a polyhedron L such that f^, : Hr-{M;Q) Hr-{L;Q) is injective for 
alii. Then f cannot be deformed into L^^~^\ 

Proof. Suppose the contrary, i.e. that / is homotopic to a simphcial 
map g : M ^ L with g{M) C L^^~^\ We consider simphcial embed- 
dings M — >■ R° and L —>■ R'^ and define the embedding 

i: M ^ M X L^R" xR\ 

where the first map has the form m i— > (m, g{m)). The standard metric 
on R"+'' yields a PL metric Q on M = i{M), while the metric on 
yields a metric Q' on L. Note that the map g : (M, Q) (L, Q') does 
not increase the distance. So, since g^ : HrXM;Q) — * ifj.,(L;Q) is 
injective, we conclude that stsys^. (M, ^) > stsys;,. (L, > 0. Now we 
rescale the metric on via multiplication by t G M. This gives us a 
new metric on M'^"'"^ and also new metrics Qt, Q't oii L respectively. 
Clearly, stsys^(L,^^) = t*^ stsys^(L, ^'). Hence, 

stsys,(M, Gt) > stsys,(L, Q't) = t' stsys,(L, Q). 

m 

In other words, JJ^ stsys^.(M, ^t) grows at least as fast as t"'. 

i=l 

On the other hand, if an n-dimensional simplex A in M.°'~^^ projects 
into {n — l)-dimensional simplex in M*, then vol(A, Qt) grows at most 
as t"'~^. Hence, vol(M, Qt) grows at most as t^~^. Thus, for any C, the 
inequality 

m 

II stsys,^ (M, Qt) < C vol(M, Qt) 

i=l 

is violated for t large enough. Thus, fci + ■ ■ ■ + fcm is not a stable 
categorical partition. □ 

Let Ti < . . . < Tihe the range of an m-tuple (fci, ■ ■ ■ , k^)- Put Lj = 
odd. For even let Lj be a CW complex that is homotopy 
equivalent to VlS^^^^ and has exactly one cell in each dimension srj, s = 
0, 1, . . . and no other cells. The existence of such cellular structure on 
the homotopy type VlS"^^^^ follows from the Morse theory |Mi63] . or 
one can use the James construction JS"^^ |Ha02] . Note also that each 
r-cell of Li yields a cycle in Cr{Li) since its boundary belongs to the 
skeleton of dimension < r — 2. Thus, the following fact holds true. 
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3.3. Proposition. For each k we have Hk{Li) = Ck{Li). Furthermore, 
every suhcomplex of Li has torsion free homology. 

3.4. Lemma. Let ri < ■ ■ • < r; he the range of an m-tuple {ki, . . . , km)- 
Given a finite CW space X , let hi denote the Vi-th Betti numher hr- {X) . 
Then for each i there exist a ir-surjective map fi'.X^ (-^i)^' ^hat in- 
duces an isomorphisms /* : Hr^{X; Q) — >■ Hr-{{Li)^'', Q). In particular, 
the map f = {Y[ fi) o A zs ir-surjective and induces a monomorphism 



for all i where A : X — * X' is the diagonal. 

Proof. Note that iik^Li) (g) Q = for A; 7^ r j jSerre53] . So, the rational- 
ization of Li is the Eilenberg-MacLane space K{Q,ri). Hence, there 
exists a map fr.X^ {Lif- such that y?* : H^XX] Q) HrXiUf'] Q) 
is an isomorphism. This map is also vr-surjective, since Lj is simply 
connected for > 1 and is a circle otherwise. □ 

3.5. Lemma. Let ri < ■ ■ ■ < vi he the range of an m-tuple {ki, . . . , km). 
Let L = Y['i=ii^i)"'' ' ^ equipped with the product CW complex 
structure and let M" he a closed orientahle n-manifold with cIq M" < 
m. Suppose that J2 — ^ /^'^ every l-tuple (Ai, . . . , A^) of non-negative 
integers with ^ A^rj = n and Aj < a.j for ri odd. Then every ir- 
surjective map f : M ^ L is homotopic to a map to the {n — l)-skeleton 
ofL. 

Proof. Since H*{L]<Q) is a free skew-commutative algebra, we con- 
clude that each element of H^{L\ Q) is a sum of monomials Xi - ■ -xi 
where Xi G if^''''((Lj)'''; Q), with Yl\=i ^i'^i = n, Xi e Z+. Each mono- 
mial xi - ■ ■ xi can be decomposed as the product of at least ^ Aj > m 
factors, i.e. it has the cup-length > m. Now the result follows from 
Corollary 12.51 in view of Proposition 13.31 □ 

3.6. Corollary. Let M, L and (/ci, . . . , km) he as in Lemma ISTSi Sup- 
pose that X] ■5j > 'HI for every m-tuple (si, . . . , Sm) of non-negative in- 
tegers with Sjkj = n and Sj < aj for rj odd. Then every ir-surjective 
map f : M ^ L is homotopic to a map to the {n — l)-skeleton of L. 

Proof. Put Xi = X]fe =r '^i' result follows from Lemma [3751 □ 

3.7. Definition. Let ri < ■ ■ ■ < n be the range of an m-tuple {ki, . . . , km)- 
Let {La, ot G A] be a finite family of complexes each of which is homeo- 
morphic to some Lj and equip L = Y\La with the product CW complex 
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structure. Put = if is liomeomorphic to Lj. Let L = Yi^a- 
Given k eN, we define a subspace L[fc] of L by setting 

{Ac} \ A / 

where {Aq,} runs over the famihes of non-negative integers Aq, with 

a 

3.8. Lemma. Let Vi < ■ ■ ■ < ri be the range of a stable categorical 

m-tuple {ki, . . . ,km) for a closed n-manifold M. Put hi = bniM). 
Let {La} be a finite family of complexes each of which is homeomor- 
phic to some Li,i = l,...,l. Consider a map f : M" —>■ L^^j and 
compositions 

; Lh L {L,f^ 

and assume that (/j)* : HrXM"';Q) HrX{LiY^;Q) are monomor- 
phisms for all i. Then f cannot be deformed to L^m-i]- 

Proof. Let be a simphcial complex that is homotopy equivalent to 
Li and define K^^j similarly to Lj^]. We equip each Ki with a PL 
Riemannian metric Q\ Together these metrics yield the product met- 
ric ^ on ]^ and hence a metric on Xj^j . Choose cellular homotopy 
equivalences Li — > K^. They yield a map (p : L^m] K^^n], and it is 
clear that if / can be deformed to L^m-i] then ipf can be deformed 
K[m-i]- So, by way of contradiction, suppose that there exists a PL 
map g : M ^ -f^[m-i] that is homotopic to </?/. Furthermore, construct 
gi : M ^ {Ki)^' in the same way as we constructed fi from /. 

Consider the embedding j : M ^ M x K,j{m) = {m,g{m)), the 
graph of M. We take any metric on M; this gives us the product 
metric on M x A'[,„] . and this product metric induces a metric ^ on M = 
j{M). 

Now we rescale the metric on (Ki)^^ by multiplication by t^^'^\t G 
M+ and get the metric Ql- The metrics Ql together with the metric Q'^ 
on M yield a metric on M = j(M). 

Note that stsys^.(irj, Ql) as a function of t grows as t. 

Since the map fi : {M,Qt) — > {[Ki)^^,Ql) does not increase the dis- 
tance, and since (/j)* is a monomorphism in dimension rj, we con- 
clude that stsys^.(M, > stsys^.(i^rj, ^j). Hence, if ki = rj then 

m 

stsySfe^(M, Gt) > stsys;t^(i^,-, GI). Thus, JJstsySfe^(M, G') grows at least 

i=l 

as f". 
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On the other hand, the g- volume vol(A^, Ql) of a g-simplex A in Ki 
grows as t'^^^\ Hence, for the product, say, A"^^ x ■■■ x A'^™'^ in 
K[m-i], A^' C Ki, its volume grows as ^2(9^/^0, g^t ^{qi/ki) < m - 1 
by Definition 13 .71 

Thus, the inequality 

m 

J] stsys,^ (M, gt) < C vol(M, g') 

i=l 

cannot be true for all t, since its left-hand part grows as at least t"* 
while its right-hand part grows as at most □ 

Every cell e of some Lj gives a chain in C*(Lj), and this chain is a cy- 
cle, cf. Proposition 13. 3[ We denote by [e] the corresponding homology 
class. 

3.9. Lemma. Put X = Li,Y = Lj. Given a commutative ring R, 
let c G H^{X\ R) and c' G H\Y; R). Let e and e' be oriented cells of 
dimensions k and I of X and Y, respectively. Then in H*{X x Y]R) 
we have: 

(3.1) {iplic)Up*{c'),[exe']) = {c,[e]){c',[e']). 

where pi : X x Y ^ X and p2 : X x Y ^ Y are the projections. 

Proof. See |Ha02t p. 278], where the equivalence of two definitions of 
tensor products c c' (left-hand and right-hand part of (13.11) . respec- 
tively) is proved. □ 

3.10. Lemma. Let R be a commutative ring. Let {ki, . . . , k^) be an m- 
tuple with the range ri < ■ ■ ■ < ri. Let {L^} be a finite family of com- 
plexes each of which is homeomorphic to some Li,i = 1, . . . ,1. Consider 
a d-cell 



(3.2) e = JJe^"^" C JJl^, A« > 0, dim e = ^ A«r^ = ci. 

a 

Let c G H'^{YlLa;R) be such that (c, [e]) = 1 and (c, [e']) = for 
all d-cells e! with e ^ e' . Then c1r(c) >'Y^\a- 

Proof. For Aq 7^ 0, let Cq, G H*{La) be the cohomology class Cq, : 
H^{La) Q such that CQ,[e^°''"] = 1 and c[e'] = for all other 
cells e'. Since H*{L;R) is a free skew-commutative algebra, we con- 
clude that cl (cq.) = Aq,. 

We order all a's with Aq, 7^ 0, ai < ■ ■ ■ < a^- We assume that e^°'^°' is 
oriented and equip e with the product orientation. Let pa '■Y\La ^ 
be the projection and put = PaCa- Put z = Za-i^U- ■ -UZa^ G H*{L; Q). 
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Then, by Lemma 13^ {z, [e]) = 1 and {z, [e']) = for e 7^ e'. Hence, z = 
c. But, clearly, cIr^z) >'^Xa- Thus, c[r{c) > XI -^q- ^ 

3.11. Lemma. Let M" be a closed orientable n-manifold with cIqM < 
m, let k = {ki, . . . , km) be an m-partition of n with the range 1 = 
Ti < ■ ■ ■ < Ti, and let {La} be a finite family of complexes each of 
which is homeomorphic to some Li,i = 1, . . . ,1. Let K be a subcomplex 
of L = Yl^a- Suppose that K^'^^ C L\ra]- Then every ir-surjective 
map f : M" K is homotopic to a map g : M" i^[m-i] ■ 

Note that the condition K^'^'' C L^rn] holds if and only if for every n- 
cell e of that is defined by an Z-tuple (Ai, . . . , A/) of non- negative 
integers, we have Xi < m. 

Proof. For n = 2 the Lemma is vacuous, so we consider n > 2. We 
can assume that / : K is cellular, and so f{M"') C L[m]- First 

we show that i^^""^) c L^m-i]- Indeed, if ^ '=1 A^rj < n — 1, then 
(Ai + l)ri + Yl\=2^i^i — since ri = 1. The condition K^"''' C L^^] 
implies that Ai + 1 + — i-^-' < rn — 1. Thus, the 

(n — l)-cell defined by (Ai, . . . , A;) lies in L[m-i]- 

Consider an n-cell e = e^"^" C L. Because of Lemma 12. 3[ it 
suffices to prove that degg / = if e is not in L^^-i]- Indeed, in this 
case ^ Afj > w^. Consider the map 

Let u be the generator of H'^{S^). Then q*{u){e) = 1 and q*{u)(e) = 
for e 7^ e'. Hence, clQ(g*(M)) > m by Lemma [3.10[ and so f*q*{u) = 
since c1q(M) < m. Thus, degg / = 0. □ 

4. The cup-length and stable systolic category, and LS 

category, 

Here we keep the notation of Section [3J 

4.1. Theorem. Let M be a closed orientable n-manifold and let ki + 
■ ■ ■ + km = n, ki < k2 < ■ ■ ■ < km be a stable categorical partition 
for M with {m — l)km < n. Then cIq M > m. 

Proof. By way of contradiction, suppose that c1(q(M) < m. In view of 
Lemma [3l2l Lemma [3^ and Corollary l3.6l it suffices to show that ^ Sj > 
m for every m-tuple (si, . . . , Sm) with ^ Sjkj = n, sj > 0. Indeed, take 
a map / as in Lemma 13.41 and note that, by Corollary 13. 6[ / can be 
deformed into But this contradicts Lemma [3.2[ 
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So, we assume that Yl ^j^i = ""-5 ^ 0- Then the inequahties 

Ex ^ kj n 
>2^s,— = — >m-l 

imply that ^ Sj > m. □ 

4.2. Corollary ( |Br08] ) . // the partition ki + ■ ■ ■ + km = n with ki = 
' ' ' = km is stable categorical then cIq M > m. 

Proof. Since mkm = n, we conclude that the condition of Theorem 14.11 
holds. □ 

4.3. Corollary. // the stable systolic category of M is equal to 2, then 
c1qM = 2. 

Proof. We note that the condition of Theorem 14.11 holds true for m = 2: 
k2 < n = ki + k2. □ 

4.4. Corollary. // /c2, ^Sy' is a stable categorical triple with k^ ^ 
k\ + k^, then cIq M > 3. 

In particular, z/catgtsys = 3 and n is odd then cIqM = 3. 

Proof. Let s = (si, S2, S3) satisfy si^i + 32^2 + S3/C3 = ^1 + ^2 + k^. It 
suffices to show that Si + S2 + S3 > 3. If s 7^ (1, 1, 1), then at least 
one Sj = 0. If only one Sj = 0, then the other two cannot be just ones. 
Thus Si + S2 + S3 > 3. If 3 > Sj 7^ and Sj = for j ^ i, then Sj = 2. 
This implies that fcj = ^j, and thus i = 3. □ 

4.5. Remark. Let H be the 3-dimensional Heisenberg manifold, see 
e.g. |T097] . Since if is a K{tt, l)-space, we conclude that catgys M = 3 
by |Gr83j . On the other hand, catgtsys ^ = 2 by Corollary 14. 4[ since 
the cup- length of H is equal to 2. 

4.6. Theorem. For simply connected closed manifolds of dimension 
< 8 the stable systolic category coincides with the rational cup-length, 

CatstsysM = cIqM. 

Proof. In this case catstsys M < 4, and the result follows from Corollar- 
ies 1121 1131 141 □ 



The following is a generalization of Theorem 14. 1[ 

4.7. Theorem. Let M be a closed orientable n-manifold. Suppose that 
the partition ki + ■ ■ ■ + km of n is stable categorical for M. Put hi = 
hki{M). Suppose that there exists d <m such that J2i=i ki> {d — l)ki. 
Additionally assume that bi = 1 and ki is odd for i > d. 
Then clo M > m. 
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Proof. Suppose that c\q{M) < m. As in Theorem 14.11 it suffices to 
show that ^ Sj > m for every m-tuple (si, . . . , Sm) with ^ Sj/cj = n, 
Si > 0, Si < bi for ki odd. Because of our assumption, Sj < 1 for i > I. 

Define Js = {i \ Si = s,i > d}. Note that Xli^li — Si^i ^i^i- We 
subtract ^« from J^iLi ^i^i obtain the equahty 

d 

(4.1) Y,is^-m = J2f'^■ 

i=l i&Jo 

Now we obtain the chain of inequahties : 

1=1 1=1 1=1 «GJo 

d 

Hence ^ Si>d+ \ Jq\ and YlT=i = Zli^i ■Si + |-^i| >d+ | Jo| + | Ji| = 

i=l 

m. □ 

4.8. Theorem. Let (l,...,l,/c) &e a stable categorical m-tuple for a 
closed orientable manifold with bi{M) > 3. Then the twisted cup- 
length clM of M is more than or equal to m. 

Proof. We have n = m — 1 -\- k. Put a = 6i(M) and b = bk{M). 
In view of Corollary 14.21 we may assume that k > 1. Consider a vr- 
surjective map h : M ^ T"" x that induces an isomorphisms in 1- 
dimensional homology and a monomorphism in fc-dimensional rational 
cohomology, see Lemma 13. 4[ By way of contradiction, assume that 
the twisted cup- length of M is less than m, and so less that n — 1. 
Put K = (T")('^~^) X L^. Because of Proposition 12.61 there exists 
a TT-surjective map f : M —>■ K that induces an isomorphisms in 1- 
dimensional homology and a monomorphism in fc-dimensional rational 
cohomology. 

It suffices to prove that K^"'"' C L[„i], i-e. that every n-cell e in K 
is contained in L[m]. Indeed, in this case / deforms into L[m~i] by 
Lemma 13.111 But this contradicts Lemma | 



An n-cell e is defined by an (a + 6)-tuple (Ai, . . . , Aq, \a+i, • • • , ^a+b) 
such that A,- > and 



ft 



(4.2) ^A. + J]U 



a+j 



n, 



i=i j=i 
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a+b 

see (I3.2p . If e is not in Lj^}, then Aj > m+1. Hence, by subtracting, 

i=l 

we get 

6 

(4.3) (A; - 1) Aa+j <n-m-l = k-2. 

i=i 

So, since > 1, we conclude that Yl'j=i^a+j = 0, i.e. e should be a 
product of 1-cells from (T"')^^~^\ But this is impossible. □ 

4.9. Theorem. For a closed manifold M with dimM < A we have 
catstsys^ = c1q(M). Furthermore, for dim = 5 there are the inequali- 
ties 

catstsys M < clM < catLs M. 

Proof. The first claim follows from Corollary 14.31 Corollary 14.41 and 
Corollary lU 

For the second claim, the second inequality is well-known, so we 
prove the first one. The case m = 2 is covered by Corollary 14.31 The 
case m = 3 is covered by Corollary 14.41 The case m = 5 follows from 
Corollary 14. 2[ The case m = 4 is covered byTheorem 14.81 since the only 
possibility for the systolic 4-tuple is: = (1, 1, 1, 2). □ 

4.10. Remark. One can try to invert Theorem 11.11 as follows: Let 
ki < . . . < km he a stable categorical partition for M and assume that 
c1q(M) = m. Do there exist e H^'{M] Q) such that aiU- • -Ua^^ ^ 0? 
We do not know if this is true in general, although this holds true in 
some special cases (m = 2, or ki = km, etc.) 
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